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Abstract 

We study inflation on a non-commutative space-time within the framework of envelop¬ 
ing algebra approach which allows for a consistent formulation of general relativity 
and of the standard model of particle physics. We show that within this framework, 
the effects of the non-commutativity of spacetime are very subtle. The dominant ef¬ 
fect comes from contributions to the process of structure formation. We describe the 
bound relevant to this class of non-commutative theories and derive the tightest bound 
to date of the value of the non-commutative scale within this framework. Assuming 
that inflation took place, we get a model independent bound on the scale of space-time 
non-commutativity of the order of 19 TeV. 
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1 Introduction 


The idea of space-time non-commutativity dates back to the early days of quantum field 
theory when it was hoped that it may help to make sense of UV divergences which are 
intrinsic to this framework DEI- With the advent of renormalization and the proof that 
physically relevant Yang-Mills theories were renormalizable, non-commutative gauge theories 
lost much of their appeal. However, there was a renewal of interest for such theories when 
they reappeared as a certain limit in string theory EH]. In |1], it was shown that the 
end points of open strings ending on a Dp-brane with a Neveu-Schwarz two form flux B 
background do not commute. String theory has an additional symmetry transformation 
known as T-duality, which relates geometric structures in different topologies. It naturally 
gives rise to non-commutative geometry. Independently of string theory, quantum gravity 
is likely to involve the notion of a minimal length see e.g. [3IS], which could imply a non¬ 
commutativity of space-time at short distances. This may help to alleviate the problem of 
the non-renormalizability of perturbative quantum gravity. 

There are different approaches to non-commutative geometry, which can be divided in 
roughly two classes. The hrst approach is due to Alain Connes. It is based on the notion of 
the spectral triple and has its origin in mathematical physics. The second approach indeed 
goes back to Moyal and Groenewold BE] and emphasizes that space-time itself might be 
non-commutativity at short distance. The non-commutativity of space-time leads to issues 
with space-time and gauge symmetries. There are two distinct ways to deal with these 
issues. One is to take gauge helds to be as usual Lie algebra valued and to restrict the gauge 
symmetries which can be considered (see e.g. m)- The other one is to take gauge helds in the 
enveloping algebra which enables one to consider any gauge group with any representation 
for the matter helds |MI]. In this article, we will consider the latter approach and derive 
the tightest bound to date on the non-commutative scale within this approach. 

We shall focus here on the simplest model of space-time non-commutativity which has 
been extensively studied and will consider non-commuting coordinates with a canonical 
structure 

( 1 ) 

where is a constant tensor of mass dimension -2. 

Our aim is to investigate ehects of space-time non-commutativity in the early universe. 
We thus have to select a framework which enables us to formulate both held theories and 
general relativity on a non-commutative space-time. While there are diherent approaches to 
space-time non-commutativity, there is only one which leads the the well known standard 
model of particle physics and general relativity in the low energy regime. We shall thus use 
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the enveloping algebra approach [MU which enables one to formulate any gauge theory 
including arbitrary representations for the gauge and matter fields on a non-commutative 
space-time. This approach has led to a consistent formulation of the standard model of 
particle physics on such a space-time [12] . Treating General Relativity as a gauge theory, one 
can formulate also formulate General Relativity on a non-commutative space-time [T31 - IT5] . 
It turns out that one needs to limit general coordinate transformations to those which are 
volume preserving diffeomorphisms. This leads to unimodular gravity which is known to be, 
at least classically, equivalent to general relativity. Following the enveloping algebra approach 
has several benefits. First of all, it makes use of real symmetries which imply a conserved 
charged via Noether’s theorem. Such theories have an exact space-time symmetry [MlE] 
which corresponds to Lorentz invariance in the limit of 9^'^ —)■ 0. The implication of this 
symmetry is that all the bounds on space-time non-commutativity are weak [T8|, typically 
of the order of a TeV [THUJO] . 

Using this framework, we will consider inflation and the cosmic microwave background on 
a non-commutative space-time. There are many attempts to study inflation in the context 
of a non-commutative space-time [Ml29|^ . but as far as we know this is the hrst study of 
early universe physics using the enveloping algebra approach which allows to study in details 
the effects of the non-commutativity of space-time on the metric. As an example we will 
consider chaotic inflation [30] on a non-commutative space-time and show that the effects 
of non-commutativity vanish both for the scalar held and for the metric. This is a rather 
surprising and interesting result since one might have expected that a preferred direction in 
space-time could lead to large effects in the slow role parameters since inhation could have 
exponentially increased the original asymmetry in space-time. We then consider the effects 
of space-time non-commutativity on the GMB which are this time non vanishing. This is 
not surprising as non-commutative gauge theories are a special case of non-local theories 
which are known to affect the GMB. We derive the tightest bound to date on the scale of 
space-time non-commutativity within this framework. 


2 Theoretical framework 

We consider here the algebra A of non-commutative space-time coordinates {xA which 
satisfying the canonical relation 

( 2 ) 

^ These previous studies have mainly focussed on a non-commutative inflaton without considering non- 
commutative effects in the gravity sector. They have obtained bounds of the order of 10 TeV. 
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where 6 E Q‘^{TAi) is a constant tensor and can be locally expressed as 0 = ® with 

= —9'^^. As usual, we want to represent functions in A as elements in the space of linear 
complex functions J^. To do so we introduce the Moyal star product 

(h-h)(i) =(/i*A)W = E(|) (3) 

n=0 h / 

Before continuing on to the main discussion, it will be useful to note some useful properties 
of the star product. Firstly, under complex conjugation one has 


(/i*/2r = /2*/r. 

Secondly, the trace property under integration implies that 

J d^^xifi-k f2){x) = j d‘^x{fi ■ /2)(x) 

and more generally, one also has the cyclicity property 

[ d^x{fi * • • • ★ /n)(x) = [ d'^xifi * • • • * /^_i) • (/m * • • • * fn){x) 


= / d^x{f^ * • • • * /n) • (/l * • • • * fm-l){x). 


(4) 

(5) 

( 6 ) 


It is important to note, given that 9 is constant, that this theory violates general dif- 
feomorphism invariance. However, as shown in |T3] we may recover a reduced group of 
diffeomorphisms compatible with ([2]) parametrized by 



(7) 

A subset of these transformations given by 

= 9^'^dJ{x) 

(8) 


leave = i9^^ invariant. We shall thus only consider such transformations. Note that 

the Jacobian of these transformation is equal to one. The transformations which preserve 
the non-commutative algebra correspond to the reduced group of diffeomorphisms which 
are volume preserving. In other words, on a non-commutative space-time, we are forced 
to consider unimodular gravity. This is the main difference between our work and precious 
attempts at formulating inflation on a non-commutative space-time [22l[25l|26l[3T]. The 
approach to general relativity on a non-commutative space-time formulated in [13] relies 
on gauging a local SO(3,1) (the tetrad approach). The local SO(3,1) gauge symmetry is 
implemented using the enveloping algebra approach. This means that the gauge fields are 
assumed to be in the enveloping algebra instead of the usual Lie algebra. The local gauge 
invariance in enforced using the Seiberg-Witten maps order by order in 9 [13] . We now have 
all the tools needed to formulate a consistent scalar field action in a curved space-time on a 
non-commutative space-time. 
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3 Non-Commutative Scalar Action 


We consider inflation driven a single scalar fleld with a potential V{(p'^) and denote for 
convenience 0 = (f){x). In the commutative case, the action may be written 
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/ 



(9) 


where e is the tetrad determinant, A in an energy scale and Cn are dimensionless Wilson 
coefficients of order unity. The choice of this frame follows from the derivation of non- 
commutative general relativity from the Seiberg-Witten map, as in [T^[H] . for which gravity 
is treated as a gauge theory. Another reason is that when mapping quantities on to a non- 
commutative space, it is very difficult to do so for a square root (which may not even exist 
in Ae) and e is used as an effective way to represent Setting the tetrad determinant to 
one, the action for the non-commutative scalar field may be written 



( 10 ) 


One might be tempted to take d^(j)-kd^(f) and use ([5]) to eliminate the star product, as is 


done with, e.g., the mass term. However, this is not possible here because of the space-time 
dependent metric. Let us add a quick comment on our conventions here: when defining a 
derivative operator in Ae-, one naturally has a map ■. Ae ^ Ae whose (left) action is 
defined to be <9* > / = dfj,f with / G Aq. However, the same definition does not hold for d*^, 
which, in general, is a power series in 6 and a higher order differential operator. It may be 
obtained from the relation -k dy. For the non-commutative metric, the condition 

G^'^\e=o = applies. Furthermore, we are free to choose a frame where G^'^ = but we 
must keep in mind that G^'' k G^a 7^ ^^us require a ‘star inverse’ to be defined such 

that G^^kG^,fj,a = see for example [32]. It will however, not be necessary for the analysis 
presented here. Indeed making this choice for the metric leads to a significant simplification. 
It is unnecessary to find an expansion of G^^ in terms of 9. 

We now expand out the star products in the action, mapping the non-commutative theory 
to a commutative space-time. Note that, as we have just explained, the Seiberg-Witten map 
for the metric is trivial. For the kinetic term we find 



( 11 ) 


and for the potential we get 



( 12 ) 


m=l 
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where ([6]) has been used. We see non-commutative corrections appear only at second order 
in 9 meaning that any effects are going to be strongly suppressed. It is worth noting the 
appearance of corrections in the kinetic term. This feature is absent in [25l|26l[3T]. In a flat 
space-time, one may use the cyclicity of the star product to cancel corrections to quadratic 
terms such as these. However, since we are dealing with a curved space-time, we cannot do 
this here. 

We now have all the tools to consider inflation on a non-commutative space-time using 
the enveloping algebra approach. Here is the set of assumptions we are making. Firstly, 
the inflaton field is taken to be homogenous i.e. (f) = Secondly, we assume that the 

same is true of the metric for a spatially flat, FLRW like cosmology: We know that there are 
second order in 6 corrections to Einstein’s equations as shown in [13], but these corrections 
vanish for a metric which is purely time-dependent. Feeding these assumptions into the 
above equations, one quickly sees that, owing to the antisymmetry of 6*^^, all but the zeroth 
order terms vanish. We thus see that the inflation is does not feel the non-commutativity 
of space-time. In particular the slow roll parameters are given by their usual commutative 
expression 

Ml f I dVoV Ml 

2 \Vod(l)) Vo 

This result is somewhat surprising; intuitively, one would expect that the presence of a 
preferred direction in space-time would result in anisotropic contributions to the metric at 
some order in 9. However, the nature of the corrections is such that they vanish to all 
orders conserving the initial isotropy. It is interesting to consider this against cosmological 
paradigms, such as the flatness problem, which are generally amplified throughout time. As 
usual, space-time non-commutative effects are very elusive [18] ! 


d^Vo 




(13) 


4 CMB Corrections 

While, within our framework, there are no effects of space-time non-commutativity on the 
slow role parameters, we now show that there are interesting observable effects on the CMB. 
A homogenous field may not have any corrections, but the same is not necessarily true of 
perturbations to that field. 

(14) 

While the overall evolution of the universe may be unaffected, space-time non-commutativity 
could have some influence on structure formation. We thus need to consider non-commutative 
corrections to inflaton perturbations. It is well known that general relativity and unimod- 
ular gravity, at least in the classical regime, are equivalent ]33]. It is generally possible to 
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find a subset of spacetime where we can write Einstein’s equations such that det{g^^) = 1. 
This implies that the predictions for inflation in unimodular gravity are the same as in the 
full general relativity framework on a classical space-time. This has been explicitly shown 
in [3l]. As emphasized already, our approach to general relativity formulated on a non- 
commutative space-time forces us to consider unimodular gravity. However, the work in [M] 
implies that the details of the analysis of small perturbations does not depend on whether 
the underlying theory of gravity is general relativity or unimodular gravity. The analysis 
performed in [23-[29] where statistical anisotropies of the CMB were studied without paying 
attention to non-commutative corrections to general relativity thus applies to the enveloping 
algebra. However, our framework enables us to justify the assumption that non-commutative 
corrections to metric can be neglected. Indeed, using the results in presented in [I2l[Il], it 
is straightforward to see that for a purely time-dependent metric such as the FLRW metric, 
the non-commutative corrections to the classical metric vanish to all orders in 6. 


The calculation of the n-point correlators takes place at the level of the equations of 
motion. This calculation will be unaltered for a unimodular metric and will thus apply 
to the enveloping algebra approach considered here. We can thus follow the technique 
developed in [23-[29]. We hrst consider the contributions from non-commutativity to the 
power spectrum of the CMB which are obtained from calculating the two-point correlation 
function for scalar perturbations. For a co-moving (commutative) scalar held k), where 
the tilde indicates that this is a Fourier mode of C(?7, x), the power spectrum in terms of the 
two-point function is 

(0|C'^(r?,k)C(?7,k')|0) = {2TTfPe=o{r],k)6^{k-k'). (15) 


We have dehned the conformal time 


dr] = —rdt, 
a{t) 


(16) 


where a{t) is the cosmological scale factor. At the time horizon crossing this is given by 

167r i/2 


^o(^,k) = 


9F 2P 


(17) 


a{r]o)H=k 


It was found in [29] , that this is modihed by non-commutativity and that a revised expression 
for the power spectrum can be derived. 


Pb(i;, k) = Po(i;, k) cosh(/7«°“*:„), 


(18) 


where H is the Hubble parameter. Expanding to leading order gives 


Peiv, k) = Poiv, k) + ^Poiv, k)e^’^e^^hka. 


(19) 
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Again, we note the absence of first order contributions in the non-commutative parameter. 
Also interesting to note is that a more general treatment of rotational invariance violation 
in [35] gives a similar result. We now see that non-commutativity indeed has an effect that 
may be measured by CMB experiments. 

By doing so, bounds on the scale of space-time noncommutativity have been derived 
in [29] using WMAP, ACBAR and CBI and in [28] using PLANCK data. In [28] the authors 
found a bound of 19 TeV on the scale of spacetime non-commutativity. Since the same 
derivation goes through in our formalism as well, this leads to the tightest bound to date 
on the energy scale of spacetime non-commutativity within the framework of the enveloping 
algebra approach. 


5 Conclusion 

We have considered corrections induced by non-commutativity on a scalar inflaton held. 
Specihcally, we consider the enveloping algebra approach to space-time non-commutativity 
with a constant non-commutative parameter. In this approach the reduced group of diffeo- 
morphisms, chosen so as to leave ([2]) invariant, leads to unimodular gravity. By replacing 
conventional multiplication by the Moyal star product and expanding in terms of the non- 
commutative parameter 6 as well as using the Seiberg-Witten maps for the local SO(3,1) 
gravitational theory, it was shown that no corrections enter the inhationary action. This leads 
us to the somewhat surprising realization that even in the presence of a preferred direction 
in space-time, does not ahect the overall evolution of the universe. Instead, one must exam¬ 
ine primordial perturbations to the inhaton held which do experience the non-commutativity 
and look for their imprints in the CMB. Owing to the classical equivalence of general relativ¬ 
ity and unimodular gravity, the analysis necessary for doing so is the same in both cases. We 
can derive the bound y/O to ~ 19 TeV within our approach to space-time non-commutativity. 
This is the tightest limit to date on the scale of space-time non-commutativity within the 
enveloping algebra approach to space-time non-commutativity. 
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